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Introduction
The search for exact solutions of the radial Schrödinger equation (SE) in some physical potential models has been an important research area since the birth of quantum mechanics. Unfortunately, the rigorous solutions are known only for a few simple cases. One of the reasons for the lack of explicit expression for the eigenfunctions and energy eigenstates is the presence of the centrifugal term 2 / 1 r in the corresponding SE.
The Hulthén potential is here a good example. The radial SE has an exact solution only for the states with zero angular momentum. Since its introduction in 1942 [1] quite a lot of methods [2] have been developed to find a rigorous solution for 0 = l states. However, when the centrifugal term is taken into account, the corresponding SE can no longer be solved in a closed form and it is necessary to resort to approximate methods. Over the last few decades several schemes have been used to calculate the energy spectrum. The main idea of these schemes relies on using different approximations of the centrifugal term. In 1976 Greene and Aldrich [3] have proposed a method for approximating the centrifugal term by means of . Using their approximation scheme some authors obtained analytically the arbitrary l -wave bound [4] and scattering states [5] of the Hulthén potential. However, it should be noted that this approximation is valid only for small values of the screening parameter d. For large values of d it breaks down leading to substantial errors in energy eigenvalues. A new approximation scheme for the centrifugal term in the form has been proposed by Jia et al. [6] , where , and w is an adjustable parameter. Their results are in good agreement with those obtained by other methods but also in the small screening d regime. Recently Ikhdair [7] proposed an alternative approximation scheme based on the expansion of the centrifugal term in a series of exponentials depending on the internuclear separation r and keeping terms up to The aim of this work is to give an analytical solution of the Hulthén potential using an improved approximation scheme of the centrifugal term proposed by Badawi et al. [13] . Their method is based on the use of the centrifugal term in a form formally homogeneous to the original potential to keep the factorizability of the corresponding SE. Taking the centrifugal term as (1) , where i c parameters can be determined as a function of the specific potential parameters, they showed that direct factorization becomes possible for potentials like Morse-Pekeris, Rosen-Morse, Manning-Rosen or Tietz. The same scheme has been used by Lu [14] or Ikhdair and Sever [15] for the empirical potential introduced by Schiöberg [16] . As we mentioned above, a similar expansion has been applied for Hulthén potential by Jia and collaborators [6] but with w taken as an adjustable parameter. The expansion (Eq. 1) has been also applied by Ikhdair and Sever [17] to the Manning-Rosen potential.
Although Eq. 1 has proved its power and efficiency when compared with Greene and Aldrich approximation, it does not always lead to the solution in a closed form. For the Hulthén potential considered here we propose a modified approximation scheme similar to this introduced by Lu [14] but where the i c coefficients are to be determined as a function of the potential parameter depending on the quantum state considered. In order to get these coefficients we start with finding the l-dependent minimum of the effective potential by solving numerically a transcendental equation
. Next, by expanding a new exponential variable in a Taylor's series about l-dependent minimum, truncating this series after the second term and comparing it with Eq. 1 we obtain the l-dependent i c parameters. Using expansion (Eq. 1) for given i c parameters we solve the corresponding SE in terms of the generalized hypergeometric function.
In order to verify the accuracy of our approximation scheme, the results are compared with those obtained by numerical integration [18] The rest of this paper is organized as follows. In the next section we present the bound state solutions and the normalized radial wave functions of the Hulthén potential with an improved approximation of the centrifugal term. In section 3 our results are presented and compared with those of numerical integration and those obtained by the other methods. Finally, in section 4 we give some concluding remarks.
2.
The Hulthén potential we examine in this paper is defined as , where Z , e and d are the atomic number, electric charge and the screening parameter, respectively. The radial part of the Schrödinger equation for the relative motion of two particles interacting via Hulthén potential can be written as (2) 
where (5) and where is a dimensionless variable. As we will show, Eq. 5 is integrable under the exchange of variables (6) where we used the dimensionless parameters given by .
Considering the boundary conditions and bearing in mind that Eq. 6 has two regular singularities at 0 = z and 1 = z , we take the trial solution of Eq. 6 in the form (8) By substituting Eq. 8 into Eq. 6 we get the following second-order homogeneous differential equation (9) only when we make the following choice for (10) Eq. 9 corresponds to the well-know hypergeometric equation (11 Following the well-known approach we can treat these coefficients as an adjustable parameters. However here, we will show how to get them as a function of the specific potential parameters. We start with rewriting the equation , 3p,3d, 4p, 4d, 4f, 5p, 5d, 5f, 5g, 6p, 6d, 6f and 6g states in atomic units ( )
On the other hand, if we write the approximation from Eq. 1 used for the centrifugal term as (22) and expand it also in a Taylor series around 
Results and Discussion
To proceed with our improved approximation scheme we start with plotting the effective potential x to differ from 0 x we get a significant increase in the accuracy of the resulting expansion, because it allows variation of the equilibrium point for the angular momentum state considered.
To show the accuracy of this approximation scheme, we calculated the energy eigenvalues for arbitrary quantum numbers n = n r + l + 1 and l for different values of the screening parameter d. The results are given in Table 1 and compared with those obtained by using other methods. As follows from the table, the accuracy of our results is the same or even better then that provided by the other methods. The relative errors for the majority of eigenvalues are less than 1% , and are up to ∼10 times better than the best estimations provided by [7] for some eigenvalues.
The differences between various methods become more apparent for large values of d parameters and appear due to the approximation of the centrifugal term, which simply means that the better the accuracy in calculating energy eigenvalues the better the approximation of the centrifugal term, and hence the whole model.
Conclusions
It is well known that the Hulthén potential is one of the important exponential model potential, and it has been a subject of interest in many fields of physics and chemistry. In this work, we have obtained the energy eigenvalues and normalized eigenfunctions of the Hulthén potential using the proposed improved approximation scheme of the centrifugal term. The main results of this paper are the explicit and closed form expressions for the energy eigenvalues and the normalized wave functions. The method presented in this paper is a systematic one and in many cases more accurate than the other ones. As can be expected this approximation scheme can be successfully applied not only for the potential considered here but also for the other exponential-type potentials. 
